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Multiscale simulation of flow-induced texture formation in
polymer liquid crystals and carbonaceous mesophases

D. GRECOV, L.R.P. DE ANDRADE LIMA and A.D. REY*

Department of Chemical Engineering, McGill University, 3610 University Street, Montreal, QC, Canada H3A 2B2

(Received April 2004; in final form November 2004)

This paper presents theory and simulation of flow-induced structures in liquid crystalline materials, useful to the creation of
synthetic material structures and to the biomimetics of natural fibers. A multiscale theory and simulation of hydrodynamic
texture formation is presented; it provides fundamental principles for control and optimization of structures in liquid crystal
polymers and carbonaceous mesophases. In thermotropic flow-aligning nematic polymers it is found that as the shear-rate
increases, the pathway between an oriented non-planar state and an oriented planar state is through meso-texture formation
and coarsening, with temperature and shear rate being efficient fields to control the grain size of the texture. For capillary flow
of carbonaceous mesophases, the simulations predict the emergence of macroscopic ring patterns whose thickness and
density can be controlled by the applied pressure drops. The results provide insight on microstructure formation and control in
liquid crystalline materials.
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1. Introduction

The orientational order of liquid crystals offers a unique

pathway to create new nano- and microstructures with

unique optical, electromagnetic, and mechanical proper-

ties. In addition, liquid crystal biomimetics offers the

appropriate tools to understand how nature produces high

performance fibers, such as spider silk. This paper

presents theory and simulation of flow-induced structures

(macro-textures and meso-textures), useful to the creation

of synthetic material structures and to biomimetics of

natural fibers.

Liquid crystals are viscoelastic materials and their

remarkable rheological properties are governed by the

flow-induced evolution of molecular configurations.

Furthermore, the frozen-in microstructure that develops

in processing flows dictates the physical properties of the

final product. Liquid crystal precursors used in the

manufacturing of fibers and films include thermotropic

rod-like nematic liquid crystal polymers (LCPs) and low-

molecular weight carbonaceous discotic nematic meso-

phases (CMs). The manufacturing of fibers and films based

on liquid crystalline precursors usually involves complex

processing flows, and hence good rheological models are

needed for product optimization and control. As indicated

above, these two materials (LCP and CM) differ in the

molecular shape and in their molecular weights. The main

impact of molecular weight on rheology is embodied in the

Deborah number (De), or ratio of molecular time scale to

flow time scale. For low-molecular weight carbonaceous

mesophases the De is less than one and hence molecular

elasticity can be neglected, and only the orientation process

is relevant; for this material the simulations are performed

using the Leslie–Ericksen model, described below.

The partial orientational order of the molecular unit vector

u is along the average orientation given by the director

vector n ðn·n ¼ 1Þ (see figure 1(a)). In contrast, for liquid

crystal polymers under sufficiently high shear rates, the De

can be arbitrary, and hence molecular elasticity must be

retained in addition to the orientation process. For this

material the simulations are performed using the Landau–

de Gennes model, described below.

Nematic liquid crystals (NLCs) are textured anisotropic

materials that in some cases can be used in the production

of high performance synthetic fibers. The mechanical

behavior of these fibers is greatly influenced by the texture

and spatial distribution of topological defects in the NLC

used as a precursor. The theoretical and computational

framework for the widely reported flow-induced texture

and pattern formation phenomena in liquid crystal
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materials has been investigated in several previous

studies [1,2,3].

The role of shear on texture formation and texture

coarsening is greatly affected by the flow properties of

NLCs, the molecular weight (i.e. low-molecular weight or

polymeric), the temperature and the class of NLC (i.e.

lyotropic or thermotropic). The shear flow behavior and

rheology of NLCs depend on the sign and magnitude of the

reactive parameter l, which is the ratio of the flow-aligning

effect of the deformation rate and the tumbling (rotational)

effect of the vorticity. For rod-like NLCs it is known that

l . 0 [4,5]. When l . 1 the material flow-aligns close to

the velocity direction since the rotational effect of vorticity

is overcome by the aligning effect of deformation. On the

other hand, when 0 , l , 1 the director does not align

close to the velocity direction because the rotational effect

of vorticity dominates. Rod-like nematics with l . 1

display the flow-aligning mode, and it seems to be

consensus that thermotropic nematic polymers, such as

Vectra [6], are flow-aligning [7]. In contrast, for disc-like

NLCs, such as carbonaceus mesophase, when l , 21 the

material is flow-aligning [5].

Macro-scale textures in carbonaceous mesophases under

capillary flow consists of macroscopic modulations of the

average molecular orientation and occur at insignificant

values of De. Meso-scale textures of LCPs under shear

consist of spatial distributions of defects that nucleate and

coarsen at sufficiently high De. Inversion walls are 2D non-

singular defects, in which spatially localized twist rotations

occur. Once nucleated, inversion walls can shrink, pinch, or

annihilate with other walls or other defects [8]. Since

sheared flow-aligning nematic polymers orient very close

to the velocity direction, the inversion wall formation is

expected when the initial orientation is orthogonal to the

Figure 1. Definition of the flow geometry and coordinate system for capillary and simple shear flows. (a) Flow of uniaxial disk-like molecules
(carbonaceous mesophases) with unit normal vector (u), director vector (n), velocity vector (v), velocity gradient (fv), alignment tilt angle between the
director and the axial direction (u) and the cylindrical (r,f,z) coordinate. (b) Simple shear flow of rod-like nematic LCPs shown the lower plate at rest, the
upper plate moves with a constant velocity (V), the gap between the plates (H), director vector (n), and the spherical (r,f,u) coordinate system with the
flow direction (v), the velocity gradient (fv), the vorticity axis (w). The director n is defined by the tilt angle (u) and the twist angle (f).
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imposed flow. In this paper we use shear-induced

generation of twist inversion walls as a model for texture

generation in LCPs under simple shear.

Inversion walls can form loops, and can be attached to

other defects or bounding surfaces. Once nucleated, inversion

walls can shrink, pinch, or annihilate with other walls or other

defects [8]. All these nucleation and coarsening defect

processes have an impact on the viscoelastic response of the

system, since elastic and dissipative mechanisms are

involved. Models and theories of nucleation and coarsening

of textures under flow is a topic of current interest [2,4,8]. The

anisotropic properties of nematics give rise to novel field-

induced re-orientation mechanisms and defect nucleation [9].

Typically, inversion walls in NLCs under external fields arise

because two equivalent re-orientation (rotation) mechanisms

are possible. The net result is a field-aligned sample with

trapped thin layers that separate regions of clockwise

rotations from those of anti-clockwise rotation.

Each class of liquid crystals displays a distinguishing

number of textures. Textures exist in small-molecule

nematics, both flow-aligning and tumbling [10–12], but

are much more persistent in LCPs, due to the high

viscosities of the latter [2]. The aim of this paper is to

extend the study on flow-induced texture generation to

flow-aligning thermotropic NLCs including macro, micro

and meso-scale textures.

Given the dominant role of texture formation during flow

processing of liquid crystalline materials a comprehensive

fundamental understanding is required. This paper presents

two models (Leslie–Ericksen and Landau–de Gennes)

based on hierarchical multiscale computational modeling

of flow-induced texture formation. The specific objectives

of this paper include the elucidation of the formation of

macro textures in capillary flow of carbonaceous

mesophases, and the mechanism that controls textural

transformation in sheared, flow-aligning, rigid-rod,

nematic LCPs as function of shear rate and temperature.

This paper is organized as follows. Section 2 presents

the governing equations that describe the macro-scale and

micro-scale structures of carbonaceous mesophases under

capillary flow and LCPs under simple shear flow,

respectively. Section 3 presents numerical procedures.

Section 4, presents and discusses the computational

results, and Section 5 presents the conclusions.

2. Theory and governing equations

This section presents the two theories used to describe

NLCs and the parametric equations used to describe

texture formation. The first approach is the continuum

theory due to Leslie and Ericksen [4,5], that is well

adapted to describe macro-scale phenomena in low

molecular weight NLCs, including carbonaceous

mesophase. The second approach is the tensor order

parameter theory due to Landau and de Gennes [4], that is

useful to describe both micro and meso-scale phenomena

and naturally describes textural defects, in LCPs.

2.1 Leslie-Ericksen theory for carbonaceous mesophases

The classical theory of elasticity of liquid crystals takes

into account external forces and torques that introduce

deformations in the relative molecular orientations and

can distort the equilibrium configurations of the

molecules. The elastic free energy density Fd a nematic

uniaxial liquid crystal material is given by [4,5]:

Fd ¼
K11

2
ð7·nÞ2 þ

K22

2
ðn·7£nÞ2 þ

K33

2
jn£7£nj

2
ð1Þ

where the three basic modes of elastic storage are the splay

(K11), twist (K22) and bend (K33) modes.

The continuum theory of uniaxial nematic liquids

consists of the linear and angular momentum balances,

and constitutive equations for the stresses, viscous and

elastic torques that takes into account external forces

distort the spatially uniform equilibrium configurations of

liquid crystals molecules. For incompressible isothermal

conditions the general conservation of linear and angular

momentum are given by the following equations [4,5]:

r
›v

›t
þ v·7v

� �
¼ f þ 7·s ð2Þ

0 ¼ G þ g þ 7·p ð3Þ

where r is the density, v is the velocity vector, f is the body

force per unit volume vector, s is the total stress, G is the

external director body force vector, g is the intrinsic

director body force vector,p is the director stress tensor, and

the director inertia is neglected. Using transversely

isotropic tensor coefficients, which reflect the material

symmetry, the following constitutive equations for the stress

tensor and the director body force were proposed by Leslie

[4,5]:

s ¼ 2pI 2
›Fd

›7n
·7nT þ a1ðnn : AÞnn þ a2nN

þ a3Nn þ a4A þ a5nn·A þ a6A·nn ð4Þ

g ¼ an 2 b·7n 2
›Fd

›n
2 g1N 2 g2n·A ð5Þ

p ¼ bn þ
›Fd

›7n
ð6Þ

where

A ¼ ð7v þ 7vT Þ=2 ð7aÞ

W ¼ ð7v 2 7vT Þ=2 ð7bÞ

N ¼ _n 2 W·n ð7cÞ

g1 ¼ a3 2 a2 ð8aÞ

g2 ¼ a6 2 a5 ¼ a3 þ a2 ð8bÞ

l ¼ 2g2=g1 ð8cÞ

p is the pressure, I is the unit tensor, {ai}; i ¼ 1. . .6; are the

six Leslie viscosity coefficients that describes an anisotropic

liquid, A is the rate of deformation tensor, N is the

corotational derivative of the director vector, b and a are

Polymer liquid crystals 187
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respectively, an arbitrary vector and an arbitrary scalar used

to constraint the director (n) to be a unit vector, g1 is the

rotational viscosity, g2 is the irrotational torque coefficient,

W is the vorticity tensor, and l is the reactive parameter.

The director inertia is neglected in the linear

momentum balance (equation (3)) because it is

assumed to be insignificant in comparison to the

retained viscous terms. If I is the director moment

of inertia per unit volume, H is the characteristic

system size, K is the average Frank elastic constant

ðK ¼ ðK11 þ K22 þ K33Þ=3Þ; then the ratio of inertia to

viscous effects is assumed to follow the inequality

IK=ðg1HÞ2 ! 1: The elimination of the inertial term

equation (3) is due to the fact that velocity relaxation

time ðtv ¼ rR2=khlÞ is insignificant with respect to

the orientation relaxation time ðto ¼ khlR2=K11Þ [4].

Using typical values for NLCs (for instance, r ¼

1000 kg=m3; khl ¼ 0:1 Ns=m2; and K11 ¼ 10211 N)

one finds the ratio tv=to < 1026 ! 1 that means

the velocity field evolves much faster than the

orientation field and thus it can be eliminated from

the equation.

The Ericksen–Leslie theory predicts that for suffi-

ciently large deformation rates, the director orients in the

shear plane along the flow-alignment angle [4,5]. When

the director field is homogeneous ð7n ¼ 0Þ and oriented at

the alignment angle, the viscous and elastic torques

vanish. For carbonaceous mesophases, the k flow-

alignment stable ðus
kÞ and unstable ðuu

kÞ angles exist

when l , 21 and are given by:

u s
k ¼

1

2
cos21 1

l

� �
þ kp; k ¼ 21; 0; 1; 2; . . . ð9aÞ

u u
k ¼ 2

1

2
cos21 1

l

� �
þ kp; k ¼ 21; 0; 1; 2; . . . ð9bÞ

Equations (9a) and (9b) show that the alignment

angle of carbonaceous mesophases is not unique

u s
kþ1

�� �� ¼ u s
k

�� ��þ p and u u
kþ1

�� �� ¼ u u
k

�� ��þ p
� �

: The primary

alignment angle ðk ¼ 0Þ defines the primary solution for the

average molecular orientation equation, denoted by P0, and

the secondary alignment angles ðk ¼ 21; 1; 2; 3; . . .Þ define

the secondary solutions for the average molecular orientation

equation denoted by Sk; both classes of solutions are

stable [13].

In capillary flow, using cylindrical coordinate system,

and assuming that the average molecular orientation (n)

is confined to the (r,z) plane, as shown in figure 1(a),

the director vector is given by: nðr; tÞ ¼

ðsin uðr; tÞ; 0; cos u ðr; tÞÞ: The dimensionless governing

equations for the average molecular orientation tilt angle

(u) is given by [13–15]:

›u

›t *
¼

ðcos2uþ 1 sin2uÞ

Y*ðuÞ

›2u

›r *2
þ

1

r *

›u

›r *

� �

þ
sin 2u

2Y *ðuÞ
ð12 1Þ

›u

›r *

� �2

2
1

r *2

" #

2
U *ðuÞEr

2G*ðuÞY*ðuÞ

� 	
r * ð10Þ

›v*

›r *
¼ 2

r *

2G*ðuÞ

� �
Er þ

U *ðuÞ

G*ðuÞ

� �
›u

›t *
ð11Þ

Y*ðuÞ ¼ g*
1 2

U *2ðuÞ

G*ðuÞ
ð12Þ

G*ðuÞ ¼ a*
1sin2 u cos2 uþ

a*
5 2 a*

2

� �
2

sin2 u

þ
a*

3 þ a*
6

� �
2

cos2 uþ
a*

4

2
ð13Þ

U *ðuÞ ¼ a*
2sin2 u2 a*

3cos2 u ð14Þ

where a*
i are the dimensionless Leslie viscosities ða*

i ¼

ai=khlÞ; khl is the average Miesowicz viscosity [13,15],

1 ¼ K33=K11 is the ratio of the bend and the splay Frank

elastic constants, Er ¼ R3
cð2dp=dzÞ=K11 is the ratio of

viscous flow effects to long-range elasticity effects known

as the Ericksen number (Er), r * ¼ r=Rc is the dimension-

less radius, Rc is the capillary radius, t * ¼ K11t=ðR2
ckhlÞ is

the dimensionless time, 2dp/dz is the given pressure drop

in the capillary per unit length, Y*ðuÞ is the dimensionless

re-orientation viscosity and U *2ðuÞ=G*ðuÞ is the dimen-

sionless backflow viscosity function. The last term on

equation (10) represents the viscous torques acting on the

director.

2.2 Landau-de Gennes theory for liquid crystal polymers

This theory is well suited to simulate meso-scale texture

formation in nematic LCPs. The microstructure of the

thermotropic liquid crystal polymer is described con-

veniently in terms of a second order, symmetric and

traceless tensor order parameter Q [4]:

Q ¼

ð
Z 2

uu 2
I

3

� �
f ðuÞ dA ð15Þ

where u is the unit vector normal to the rod-like

molecules, Z 2 denotes the unit sphere, I is second order

unit tensor, f(u) is the orientation distribution function, and

dA is the differential area in spherical coordinates.

Alternatively Q can also be defined in terms of three

eigenvectors (n, m and l) and three eigenvalues (ln, lm

and ll):

Q ¼ lnnn þ lmmm þ lIll ð16Þ

The eigenvalues can be presented as functions of

the scalar order parameter S and the biaxial order

D. Grecov et al.188
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parameter P [12]:

ln ¼
2

3
S; lm ¼

1

3
ðP 2 SÞ; ll ¼ 2

1

3
ðP þ SÞ ð17Þ

with the restriction:

ln þ lm þ ll ¼ 0 ð18Þ

The governing equations for liquid crystal flows follow

from the dissipation function ðDÞ given by:

D ¼ ts : A þ ckTH : Q̂ ð19Þ

where t s is the viscoelastic stress tensor, A is the symmetric

traceless rate of deformation tensor (given by equation

(7a)), c is the concentration of molecules per unit volume, k

the Boltzmann constant, T the absolute temperature, H is

the molecular field, and Q̂ is the Jaumann derivative of the

tensor order parameter, given by:

Q̂ ¼
›Q

›t
þ ðv·7ÞQ 2 W·Q þ Q·W ð20aÞ

ðckTÞH ¼ 2
dF

dQ

� �½s�

¼
›f

›Q
2 7·

›f

›7Q

� �½s�

ð20bÞ

where W is the vorticity tensor (given by equation (7b)) and

F is the total free energy; f is the free energy density that is

given by:

f ¼ ðckTÞ
1

2
1 2

1

3
U

� �
Q : Q 2

1

3
UQ : ðQ·QÞ

�

þ
1

4
UðQ : QÞ2 þ

L1

2ckT
7Q : ð7QÞT
� 


þ
L2

2ckT
ð7·QÞ·ð7·QÞ

�
ð21Þ

where, U ¼ 3T *=T is the nematic potential, T * is the

isotropic-nematic transition temperature, L1 and L2 are the

Landau coefficients, and the superscript [s] denotes

symmetric and traceless. Using the Landau–de Gennes

free energy density, the molecular field is given by:

2
dF

dQ

� �½s�

¼ ckTH

¼2ckT

(
12

1

3
U

� �
Q2UQ·Q

þU ðQ : QÞQþ
1

3
ðQ : QÞI

� 	)

þ ckT
L1

ckT
72Qþ

1

2

L2

ckT

�

·

(
7ð7·QÞ þ

h
7ð7·QÞ

iT

2
2

3
tr 7ð7·QÞ½ �I

)!

ð22Þ

and contains both short range and long range contributions.

Expanding the forces (t s,Q̂) in terms of fluxes (A, ckT H),

and taking into account thermodynamic restrictions and

the symmetry and tracelessness of the forces and fluxes,

equations for t s and Q̂ can be obtained. The dynamics of

the tensor order parameter is given by the following

sum of flow F, short range H sr, and long range H lr

contributions [12]:

Q̂ ¼ FðQ;7vÞ þHsr½Q;DrðQÞ� þHlrð7QÞ ð23Þ

(i) Flow contribution F:

FðQ;7vÞ ¼
2

3
bA þ b A·Q þ Q·A 2

2

3
ðA : QÞI

� 	

2
1

2
b ðA : QÞQ þ A·Q·Q þ Q·A·Qf

þQ·Q·A 2 ½ðQ·QÞ : A�Ig ð24Þ

(ii) Short-range elastic contribution H sr:

Hsr½Q;DrðQÞ� ¼ 26Dr 1 2
1

3
U

� �
Q 2 UQ·Q

�

þU ðQ : QÞQ þ
1

3
ðQ : QÞI

� 	�
ð25Þ

(iii) Long-range elastic contribution H lr:

Hlrð7QÞ ¼ 6Dr

L1

ckT
72Q þ

1

2

L2

ckT

�
7ð7·QÞ

�

þ½7ð7·QÞ�T 2
2

3
tr½7ð7·QÞ�I

��
ð26Þ

Dr ¼
Dr

1 2 3
2

Q : Q
ð27Þ

where Dr is the microstructure dependent rotational

diffusivity, Dr is the pre-averaged rotational diffusivity

here taken to be constant and b is a thermodynamic

parameter that is unrestricted, because it introduces

couplings between fields of opposite time reversal.

The dimensionless form of the governing equation for

the tensor order parameter Q is:

ErQ̂* ¼ Er
2

3
bA* þ b A*·Q þ Q·A* 2

2

3
ðA* : QÞI

� 	�

2
1

2
b

�
ðA* : QÞQþA*·Q·QþQ·A*·Q þ Q·Q·A*

2 ½ðQ·QÞ : A*�I

��
2

3

U
·

R

1 2 3
2

Q : Q
� �2

· 1 2
1

3
U

� �
Q 2 UQ·Q

�

þU

�
ðQ : QÞQ þ

1

3
ðQ : QÞI

	�

þ
3

1 2 3
2

Q : Q
� �2

7*2Q þ
1

2
L*

2

�
7*ð7*·QÞ

�

þ½7*ð7*·QÞ�T 2
2

3
tr½7*ð7*·QÞ�I

��
ð28Þ
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where t * ¼ _g t, A* ¼ A
_g
, W* ¼ W

_g
, 7* ¼ H7, L*

2 ¼ L2

L1

are the dimensionless quantities, and ġ is a characteristic

shear rate. The Er, which is the dimensionless ratio

between viscous flow effects, the characteristic viscosity

(h), and long-range order elasticity and the energy ratio

(R), which is the dimensionless ratio between short-range

order elasticity and long-range order elasticity, are given

by [16]:

Er ¼
_gH 2h

L1

ð29aÞ

h ¼
ckT *

2Dr

ð29bÞ

R ¼
3H 2ckT *

L1

ð29cÞ

The De, which is the ratio between flow effect and short

range energy effect, is given by:

De ¼
Er

R
¼

_g

6Dr

ð30Þ

and its magnitude controls the amplitude of effects

associated with the scalar order parameters.

The Landau–de Gennes model for nematic liquid

crystals has an external length scale le and an internal

length scale li as follows:

le ¼ H; li ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
L1

3ckT *

r
; le @ li ð31Þ

It should be noted that the external length scale governs

the directors’ orientation (n, m, l) while the internal length

scale governs the scalar order parameter (S,P). The

external te and internal ti time scales of model are ordered

as follows:

te ¼
hH 2

3L1

; ti ¼
1

Dr

; te @ ti ð32Þ

The external time scale describes slow orientation

variations and the internal length scale describes fast order

parameter variations. Finally the presence of shear flow of

rate g introduces a flow time scale tf:

tf ¼
1

_g
ð33Þ

and a flow length scale lf :

lf ¼

ffiffiffi
d

_g

s
; d ¼

L1

h
ð34Þ

where d is the orientation diffusivity.

In the micro texture section, the simple start-up shear

flow of a nematic liquid crystal polymer, as shown in

figure 1(b), will be discussed; note that in this flow

the lower plate is fixed and the upper plate starts moving at

t ¼ 0 with a known constant velocity (V).

3. Computational methods

3.1 Leslie–Ericksen model for carbonaceous mesophase

For the macro-scale texture study, using the Leslie–

Ericksen theory, the average orientation equation (10)

is solved numerically using the Galerkin Finite

Element method for spatial discretization and the finite

differences method for time discretization. All integrals

were computed using three-point Gaussian quadrature,

and the resulting set of non-linear equations was solved

using the Newton–Raphson iteration scheme. In the

steady-state simulations the zero order continuation

method was employed. In all time-dependent simulations

the spatial discretization used 500 linear elements and a

uniform mesh, while for time integration we used fourth

order explicit Runge–Kutta method with a fixed time step

of 1028. The mesh independence was established

using standard mesh refinement criteria. These simula-

tions were carried out using the parameters that

correspond to the Frank elastic constants measured for a

well-characterized discotic nematic, hexakis(dodecanoyl-

oxy)truxene, and the six scaled Leslie coefficients

calculated from non-equilibrium molecular dynamics

simulations [13–15,17]; however, the results discussed

here for discotic NLCs are independent of the exact values

of the viscoelastic parameters and arise whenever the

reactive parameter (l) is less than minus one. The average

molecular orientation in the center of the capillary is

assumed as planar, and in the capillary wall three values

are assumed: (a) planar, (b) p 2 1.39 or (c) p 2 2.43

radians; in addition, the no slip condition is assumed for

the velocity at the capillary wall. The boundary conditions

in this case are:

uð0; t *Þ ¼ 0 ð35aÞ

uð1; t *Þ ¼ 0 or p2 1:39 or 2:43 2 p ð35bÞ

v*ð1; t *Þ ¼ 0 ð35cÞ

3.2 Landau–de Gennes model for liquid crystal polymers

The meso-scale model given by equation (28), actually

is a set of five coupled non-linear parabolic partial

differential equations, which are solved using the

Galerkin Finite Elements Method for spatial discreti-

zation and the fourth order Runge–Kutta time adaptive

method. Convergence and mesh-independence were

established in all cases using standard methods. Spatial

discretization was judiciously selected taking into

account the length scale of our model. The selected

adaptive time integration scheme is able to efficiently

take into account the stiffness that rises due to
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the disparity between time scale: ti ! te: The boundary

conditions in this case are:

Qsðy
* ¼ 0Þ ¼ Qsðy

* ¼ 1Þ ¼ Seq nsns 2
I

3

� �
ð36aÞ

ns ¼ ð0; 0; 1Þ ð36bÞ

Seq ¼
1

4
þ

3

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 2

8

3U

r
ð36cÞ

describing fixed director orientation along the vorticity

axis, a uniaxial state with the scalar order parameter

equal to its equilibrium value. The initial state is

assumed to be uniaxial and at equilibrium. The

thermodynamic parameter b and the nematic potential

U are used to calculate the reactive parameter l, which

indicates if the system is flow-aligning or not. In the

micro-texture section the values for these parameters

are chosen to assure that the rod-like NLC is flow-

aligning ðl . 1Þ : b ¼ 1:2; 2:75 , U , 4:5: The

selected ranges for the dimensionless parameters are:

R ¼ 106; 0 , De , 6:

4. Numerical results

The macro-scale texture of liquid crystalline materials is a

low De process that can be described by the average

molecular orientation given by the director vector, well

described by the Leslie–Ericksen model. In contrast, the

meso-scale texture of these materials is an arbitrary De

process that includes a molecular and an orientational

process; as a result, these textures must be simulated using

the Landau–de Gennes model.

4.1 Macro scale textures in carbonaceous mesophases

4.1.1 Steady-state simulations. The texture formation

due to purely elastic effects fails to capture the length scale

gradients shown in real fibers produced from liquid

crystals precursors [18]. This section presents the macro

texture formation, which is driven by flow effects, and

retains the elastic effects. The length scale distribution in

the predicted flow-induced texture, in contrast to the

elastic-induced texture, is consistent with the experimental

data [14,18].

As explained in [13] the solutions of equations (10) and

(11) can be classified as primary (Pk), secondary (Sk) and

hybrid (Hk21,k or Hk,kþ1). The Pk exists for all values of Er,

the Sk exists above a critical value of Er, and the Hk21,k or

Hk,kþ1 exists only for some specific values of anchoring

angle at the capillary wall and are not stable.

The average molecular orientation, obtained from

equation (10), as a function of dimensionless radial

distance for high Er for the primary ðk ¼ 0Þ and the

selected secondary solutions ðSk : k ¼ 21; 1; 2; 3; . . .Þ
shows that higher order solutions exhibit a narrow

alignment region in between core and rim regions over

which the director vector exhibits also the same

orientation periodically. On the other hand, the low

order solutions exhibit alignment over a wide annular

region and narrow core and rim regions.

The solution multiplicity helps to explain macro-

textural phenomena, such a multiple concentric ring

formation, found in the flow of carbonaceous mesophases.

The solution multiplicity is a function of the Er and the

anchoring angle at the capillary wall; at some specific

values of anchoring angle primary, secondary and hybrid

solutions can coexists (see more details in [13]).

Figure 2 shows the computed texture visualization of

the orientation field cross sections for the principal (P0),

secondary (S1 and S21) and hybrid solutions (H1,0 and

H21,0) for two anchoring angle at the wall: uw ¼ p2 1:39

radians (left side column) and uw ¼ 2:43 2 p radians

(right side column); the Er is 1000 in both cases [12].

Black stands for full alignment orientation (u s
k ¼ u s

0 þ kp

radians, where k is an integer that gives the order of the

secondary solution and u s
0 is the first alignment angle,

1.157 radians in the present case) and white stands for

non-alignment (uu
k ¼ u u

0 þ kp radians, where u u
0 is the

first unstable angle, 1.985 radians in the present case); the

figures show the three families of textures that coexists.

Figure 3 shows the computed texture visualization of

the average molecular orientation profile for primary and

selected secondary solutions ðSk : k ¼ 21; 4; 5; 9; 14; 16Þ:
The orientation profiles for the secondary solutions give a

ring texture with a characteristic ring thickness that is a

function of position. The figures show that the number of

rings is equal to the order of the solution. For example the

k ¼ 4 solution has four rings, k ¼ 5, solution has five rings

and so on. For secondary solutions all textures have three

regions: a small core region surrounding the fiber axis,

a large ring (black band) in the central annular region, and

an outer rim region dense with thin rings. As k increases

the width of the annular region decreases and the number

of rings in the rim region increases. Note that as the order

of the solution (k) increases, thinner rings appear close to

the rim, which are consistent with experiments. The rim

region has a thin structural length scale, while the core

region has a large structural length scale. The origin of the

texture length scale is set by the orientation gradient

length scale. For higher order solutions, as the director

rotates from (u s) to zero, the texture length scale is set by

the magnitude of the orientation gradient.

The previous discussion took into consideration the role

of higher order solutions on the generation of the ring

texture, now we consider the role of the pressure drop on

the texture length scale. The average molecular orientation

(u) as a function of the dimensionless radial distance for

the secondary solutions shows that as the Er increases the

aligned annular region increases, and the rim region

exhibits sharper and sharper gradients. The core region

remains almost unaffected by pressure drop increases.

Figure 4 shows the texture visualization of solutions Sþ4,

and Sþ5 for Ers: 2728 or 3310, 5000, and 10,000. Again, in

this plot black corresponds to the full alignment
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orientation (radians, where k is an integer that gives the

order of the secondary solution and is the first alignment

angle, 1.157 radians in the present case) and white

corresponds to the non-alignment orientation

(uu
k ¼ uu

0 þ kp radians, where uu
0 is the first unstable

angle, 1.985 radians in the present case). The figure shows

that in both cases as the Er increases, the number of rings

remains constant, but they move towards the rim. The

picture shows that as the Er increases the ring thickness

decreases, and the rings pile up at the rim. These

predictions agree with the fact that as the higher shear

rates close to the wall, it will refine the texture length

scale. The pressure drop has almost no effect at the core

because at the center the shear rate vanishes and the

structure remains unaffected by the flow. Thus lower

pressure drops produce more uniform textures than larger

pressure drops. Since the number of rings remains

constant, an increase in the annular region will result in

compression of the rim region.

4.1.2 Transient simulations. The time evolution of the

average molecular orientation profiles shows that the

solution evolves towards the primary solution P0. Figure 5

shows for Er 2500, and initial condition uðr *Þ ¼ 0; the

texture visualization of the fiber cross-section time

evolution. Black stands for full alignment orientation

and white stands for non-alignment.

The time evolution of the average molecular orientation

profile when the initial conditions is bounded by uu
0 #

uðr *Þ # uu
2 and the Er sufficiently large, shows that the

final average molecular orientation profile is given by

secondary solution Sþ1. Figure 6 shows the texture

visualization of the fiber cross-section time evolution for

Ericksen (Er) number 2500 and initial conditions

Figure 2. Computed texture visualization of the NLC cross sections to the principal (P0), secondary (S1 and S21) and hybrid solutions (H1,0 and H21,0)
for two anchoring angle at the wall: uw ¼ 21:39 þ p radians (left column) and uw ¼ 2:43 2 p radians (right column); Er ¼ 1000 in both cases. Black
stands for full alignment with the stable Leslie angle and white stands for non-alignment.
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uðr *Þ ¼ 2:5 sin ðpr *Þ0:4: Black stands for full alignment

and white stands for non-alignment.

4.2 Meso-scale texture in liquid crystal polymers

Previous work for simple shear flow [19] has shown that as

the Er number increases, the Landau–de Gennes theory

predicts the existence of six stable steady state modes, as

follows:

(i) Homogeneous mode (H): the director is aligned

everywhere along the vorticity axis ðnz ¼ 1Þ:

(ii) Symmetric mode (S): the director reorients uni-

formly towards the shear plane, creating a symmetric

twist angle profile. Since the reorientation has a

unique sense (say clockwise) no twist wall appears at

the center region.

(iii) Asymmetric mode (A): the re-orientation direction

in the top half-layer is opposite to the bottom half-

layer. The resulting director field exhibits a twist

wall at the center of the gap, and two boundary

layers at the bounding surfaces.

(iv) Defect lattice mode (DL): The number of re-orientation

reversal increases with increasing shear rate, and

Figure 3. Computed cross-section macro-texture visualization for the principal (P0) and selected secondary solutions ðSk:k¼21;þ4;þ5;þ9;þ14;þ16Þ of
carbonaceous mesophases under capillary flow. The Er number is 10,000. Black stands for full alignment with the stable Leslie angle and white stands for
non-alignment.
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the director field displays a finite number of twist

inversion walls separated by a nearly constant distance.

The mode is spatially periodic and the wave-length is

the wall–wall distance. Since the mode is periodic it is

denoted defect lattice.

(v) Defect gas mode (DG): In this mode, annihilation

processes set in and walls nucleate and react

with other walls, with the bounding surfaces, and/or

they pinch. Since coarsening is a random process

it destroys periodicity and the mode is referred as a

defect gas mode. The twist wall distance is a random

variable.

(vi) Planar mode (P): At the highest shear rates,

annihilation by pinching overcomes defect nucleation,

and no twist walls remain at steady state. The resulting

mode is planar and defect-free.

It is found [19] that the texture transition cascade:

unoriented monodomain ) defect lattice ) defect gas

) oriented monodomain is remarkably consistent with

the textural transition of sheared lyotropic tumbling

nematic polymers [20].

Since the governing time scales at high shear

rates are the flow time scale (see equation (33)),

all transient results are plotted as a function of strain

g ¼ _gt: In the following, we will present results for the last

three modes.

Figure 7 shows computed gray scale visualizations of

director component nz ð0 # y* # 1Þ as a function of

strain, corresponding to the three modes: (a) DL

(De ¼ 0:05; U ¼ 4:5; R ¼ 106); (b) DG (De ¼ 2:4; U ¼

4:25; R ¼ 106Þ and (c) planar P mode (De ¼ 4:6; U ¼ 4:5;
R ¼ 106Þ: Black represents in plane orientation ðnz ¼ 0Þ

and light represents orientation along the vorticity

ðnz ¼ 1Þ axis.

The steady state texture of a liquid crystal is given by

the balance of nucleation and coarsening processes.

Coarsening events limit the lifetime of an inversion

wall, and a texture can be viewed as a balance between

birth–death events. Coarsening processes of inversion

Figure 4. Computed cross-section macro-texture visualization for secondary solutions Sþ4 and Sþ5 of carbonaceous mesophases under capillary flow,
for three values of Er number: the critical value (2728 for Sþ4 and 3310 for Sþ5), 5000 and 10,000. Black stands for full alignment with the stable Leslie
angle and white stands for non-alignment.
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walls under shear can involve: (a) wall-bounding

surface reaction, (b) wall–wall annihilation and (c)

pinching [19].

Figure 8(a) shows a computed visualization of director

component nz ð0 # y* # 1Þ as a function of strain for

R ¼ 106; U ¼ 4; De ¼ 0:01; corresponding to wall–

bounding surface interaction in the defect lattice mode.

Black represents in plane orientation ðnz ¼ 0Þ and light

orientation along the vorticity ðnz ¼ 1Þ: As strain

increases, one wall is absorbed by the bounding surface

leaving behind a single wall in the bulk. Figure 8(a) is a

unique example of a defect–bounding surface interaction.

Models of surface defect emission have been postulated

[21], and also observed experimentally [9] but never

simulated with the classical nematodynamics equations.

Figure 8(b) shows a computed visualization of director

component nz ð0 # y* # 1Þ as a function of strain, for

R ¼ 106; U ¼ 3; De ¼ 0:04; corresponding to wall–wall

interaction in the DL mode. Black represents in plane

orientation ðnz ¼ 0Þ and light represents orientation along

the vorticity ðnz ¼ 1Þ axis. As strain increases, the walls

annihilate leaving behind a planar director field.

Figure 8(c) shows a computed visualization of director

component nz ð0 # y* # 1Þ as a function of strain for

R ¼ 106; U ¼ 3:5; De ¼ 0:83; corresponding to wall

pinching in the planar mode. Black represents in plane

orientation ðnz ¼ 0Þ and light orientation along the

vorticity ðnz ¼ 1Þ: As strain increases the walls pinch

separately leaving behind a planar director field.

Figure 9 shows the number of inversion walls at steady

state function of shear rate (De) for different temperatures

(nematic potential, U) for R ¼ 106; b ¼ 1:2: The number

of nucleated inversion walls increases when the

temperature decreases (U increases).

Figure 10 shows the texture modes of thermotropic

LCPs in the temperature (U)–shear rate (De) plane, for

Figure 5. Time evolution of macro-texture visualization for primary solution (P0) and Er ¼ 2500; for carbonaceous mesophases under capillary flow.
Black stands for full alignment with the stable Leslie angle and white stands for non-alignment.
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R ¼ 106; b ¼ 1:2: At lower temperatures, the DL and

the DG mode persist for a larger range of De. Near the

nematic-isotropic transition, only the planar mode exists,

while the defect modes (DG) and (DL) disappears. The

simulations show that control of texture formation is

feasible by temperature and shear rate selection. To obtain

a texture free sample, a sufficiently high shear rate (De)

and temperature (U) are necessary.

5. Conclusions

This work presents simulations of structure formation for

capillary and simple shear flow of two important liquid

crystalline materials, taking into account the couplings

between velocity and molecular orientation. The results of

these simulations capture the formation of characteristic

macro and micro-textural phenomena and provide new

knowledge on the role of viscous and elastic effects in the

processing flow of these materials, used as a precursor in

the production of advanced fibers.

For pressure-driven capillary flows of carbonaceous

mesophases, the average molecular orientation model

shows that degeneracy and nonlinearity drive the

emergence of banded patterns, which are a characteristic

feature in NLCs; for instance, in the carbon fibers melt

spun from mesophase precursors. In addition, the solution

multiplicity and nonlinearity provides a second

Figure 6. Time evolution of macro-texture visualization for the secondary solution (Sþ4) and Er ¼ 2500; for carbonaceous mesophases under capillary
flow. Black stands for full alignment with the stable Leslie angle and white stands for non-alignment.

D. Grecov et al.196

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
8
:
2
6
 
1
4
 
J
a
n
u
a
r
y
 
2
0
1
1



Figure 8. Computed visualization of director component nz ð0 # y * #
1Þ as a function of strain, for nematic LCPs under simple shear. Black
represents in plane orientation ðnz ¼ 0Þ and light orientation along the
vorticity ðnz ¼ 1Þ: (a) wall–bounding surface interaction in the DL
mode, De ¼ 0:01; U ¼ 4; R ¼ 106; (b) wall–wall interaction in
DL mode, De ¼ 0:04; U ¼ 3; R ¼ 105; (c) wall pinching in P mode,
De ¼ 0:83; U ¼ 3:5; R ¼ 106:

Figure 7. Computed gray scale visualization of director component nz

ð0 # y * # 1Þ as a function of strain, for nematic LCPs under simple
shear. Black represents in plane orientation ðnz ¼ 0Þ and light
orientation along the vorticity ðnz ¼ 1Þ: (a) DL mode, De ¼ 0:05; U ¼
4:5; R ¼ 106; (b) DG mode, De ¼ 2:4; U ¼ 4:25; R ¼ 106; (c) P mode,
De ¼ 4:6; U ¼ 4:5; R ¼ 106: In the right, there are the corresponding
representative computed visualizations of the steady state solutions
obtained for high values of strain. The dark dots represent the inversion
twist walls.
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hydrodynamic mechanism to drive the emergence of

structure with intermediate length scales.

For simple shear flow, the classical theories of

nematodynamics applied to thermotropic rod-like flow

aligning nematic polymers predict that, as the shear-rate

increases, the pathway between an oriented non-planar

state and an oriented planar state is through texture

formation and coarsening. The two shear-rate-dependent

dimensionless numbers that control the texture formation

and coarsening process are the Er and De numbers. The

emergence of texture is independent of De number, and

occurs at Er ¼ 104: As the shear rate increases and

Er . 104 the first texture that arises is a lattice of inversion

walls. Further, increases of the shear rate, ignite the

coarsening processes, and replace the DL with a DG.

Finally, at higher shear rates, a monodomain state

emerges, and the texture vanishes since coarsening

overpowers defect nucleation. It is found that the texture

evolves (from unoriented monodomain, DL, DG, to

oriented monodomain) is remarkably consistent with the

textural transition of sheared lyotropic tumbling nematic

polymers. Thus the presented simulation of hydrodynamic

meso-scale texture formation is able to provide funda-

mental principles for control and optimization of

structures in liquid crystal materials. Temperature and

shear rate are efficient fields to control the grain size of the

texture. High temperatures and shear rates lead to defect

free monodomains. The flow simulations are shown to be

in full agreement with experimental observations.
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